We report about recent results obtained for the muon anomalous magnetic moment. Three-loop kernel functions have been computed to obtain the next-to-next-to-leading-order hadronic vacuum polarization contributions. The numerical result, a had,NNLO µ = 1.24 ± 0.01 × 10 −10 , is of the same order of magnitude as the current uncertainty from the hadronic contributions. For heavylepton corrections, analytical results are obtained at four-loop order and compared with the known results.
Introduction
The muon anomalous magnetic moment is one of the most precisely measured quantities in particle physics (see Refs. [1] [2] [3] [4] for reviews). However, since many years there is a discrepancy of about 3σ between experimental value [5, 6] and theoretical prediction [13] In quantum field theory the contributions can be classified into QED, hadronic and electroweak type. For the pure QED part which provides the largest contribution, four-and five-loop results have been obtained in Ref. [7] using purely numerical methods. It is interesting to mention that the four-loop result is of the same order of magnitude as the discrepancy between Eq. (1.1) and Eq. (1.2). Independent cross checks for some subclasses of diagrams were calculated in Refs. [8] [9] [10] [11] . In particular, Feynman diagrams containing two or three closed electron loops have been computed in Ref. [10] and diagrams with tau loops in Ref. [11] which will be discussed later.
Hadronic contributions which are not of light-by-light type can be obtained from measurements of the total cross section σ (e + e − → hadrons). They are the origin of the largest uncertainty. Several groups have performed the corresponding leading order (LO) [12] [13] [14] [15] and next-to-leading order (NLO) [13, [16] [17] [18] analysis. In Ref. [19] , for the first time, the three-loop kernel functions have been obtained and the next-to-next-to-leading-order (NNLO) contributions involving the hadronic vacuum polarizations have been considered. In our calculation we use QGRAF [20] to generate the diagrams, and then q2e [21, 22] to transform them into FORM [25] readable input. exp [21, 22] and asy [23, 24] are applied to perform an asymptotic expansion to transform the multi-scale integrals into simpler ones with one mass scale employing certain mass hierarchies. In the FORM code we apply a projector and decompose the scalar products to end up with integrals which are reduced to master integrals using integration by parts methods with the help of FIRE [26, 27] .
Hadronic contributions
There are hadronic LO and NLO sample diagrams contributing to a had µ displayed in Fig. 1 . Perturbative QCD fails to give a reliable estimate for the hadronic vacuum polarization function Π µν . The traditional approach is to transform Π µν into an integral over the experimental measured function R(s) using dispersion relations and the optical theorem:
Substituting the above expressions into the LO diagram leads to µ which is also true at higher orders. R(s) is provided to us by the authors of Ref. [13] and the narrow resonance contributions like J/Ψ, Ψ(2S) and ϒ(nS) (n = 1, . . . , 4) are implemented using the narrow-width approximation [18] . Using these ingredients, we get LO as well as NLO hadronic results which are in good agreement with Refs. [13, 18] .
At NNLO we classify the diagrams according to the number of hadronic insertions and closed electron loops. There are five different types denoted by (3a), (3b), (3b, lbl), (3c) and (3d) as shown in Fig. 2 . Note that the contributions where the virtual electron is replaced by a tau lepton only amount to 0.01 × 10 −10 at NLO, so we do not consider such corrections at NNLO. Some comments are in order:
• K (3a) (s) can be computed like the LO calculation with s ≫ m 2 µ and terms up to order (M 2 µ /s) 4 are obtained. Including or neglecting the highest term in K (3a) (s) leads to a difference at per mil level for a (3a) µ which means a good convergence of the series.
• For diagrams including electron loops, there are new asymptotic regions m 2 e = ℓ 2 ≪ p 2 = m 2 µ with loop momentum ℓ and external momentum p. The non-trivial asymptotic expansion is realized with the help of the program asy [23, 24] , which is verified through calculating the three-loop QED corrections with closed electron loops. Finally, K (3b) and K (3b,lbl) are calculated to quartic order in m e .
• K (3c) (s, s ′ ) contains two hadronic insertions. It is calculated in various limits and an interpolating function is constructed by combining the results. This procedure was successfully tested at NLO. The final results for a (2c) µ from the exact and approximated kernels differ by less than 1%. K (2c) and K (3c) for √ s = 1 GeV as a function of √ s ′ are shown in Fig. 3 .
• The last kernel is K (3d) with three hadronic insertions
Analytic results for the NNLO kernels can be downloaded from the web page [28] . Inserting them into the dispersion integrals leads to the individual contributions where the uncertainty is due to the error in the experimental data. Note that our result is of the same order of magnitude as the uncertainty of the LO hadronic contribution which is estimated to be 3.72 × 10 −10 in Ref. [13] . It is also the same order of magnitude as the experimental uncertainty anticipated for future experimental measurements [29] . Thus, it should be included in the analysis of the anomalous magnetic moment of the muon. Note that NLO hadronic light-by-light contributions are performed in Ref. [31] .
Heavy-lepton contributions
In Fig. 4 there are typical Feynman diagrams for heavy-lepton contribution to muon g − 2. The symbols which label the individual diagram classes are taken over from Ref. [7] . These diagrams are evaluated using an asymptotic expansion with m τ ≫ m µ . A graphical example for the application of the asymptotic expansion can be found in Ref. [11] . During the calculation QGRAF generates 1169 diagrams at four-loop order. Two independent calculations and a general QED gauge parameter expanded up to linear term for the leading contribution of order m 2 µ /m 2 τ are used to check our result.
We obtain the following analytic result 
where P 4 = 24a 4 + ln 4 (2) − ln 2 (2)π 2 , P 5 = 120a 5 − ln 5 (2) + 5 3 ln 3 (2)π 2 , a n = Li n (1/2) and ζ n is Riemann's zeta function. Using m µ /m τ = 5.94649(54) · 10 −2 for the mass ratio, a rapid convergence of the series is observed and we get A (8) µ (τ) ≈ 4.24941(2)(53) · 10 −2 which agrees with A (8) µ (τ) ≈ 4.234(12) · 10 −2 from Ref. [7] . In our value, the second uncertainty comes from the error in the mass ratio and the first one assigns to 10% of the expansion terms of order (m µ /m τ ) 6 and (m µ /m τ ) 7 . Obviously, our result is more precise. It is interesting to note that A (8) µ (τ) is about 100 times larger than the three-loop coefficient A (6) µ (τ). Inserting the numerical value for α we get the τ-loop contribution for a µ
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10 × a µ (τ) = 4.213 + 0.045 + 0.012 (3.3) with the numbers corresponding to two-, three-and four-loop contributions, respectively. Note that the four-loop term in Eq. (3.3) is of the same order of magnitude as the five-loop universal corrections which are 0.006 × 10 −10 from Ref. [7] . A detailed comparison of our result and the one from Ref. [7] can be found in Table 1 where uncertainties from the muon and tau lepton mass are not shown. One can see that our result based on asymptotic expansion provides at least two more significant digits. For group IV(b), the analytic result for the leading order expansion term agrees with the result presented in Ref. [30] . 
Conclusion
In this contribution we report about the NNLO hadronic vacuum polarization contributions to the muon anomalous magnetic moment. This new result reduces the discrepancy between experimental value and theoretical prediction by about 0.2σ . We also calculated four-loop heavy leptonic corrections to a µ in an analytic way and find good agreement with the results in Ref. [7] . Although not mentioned here, similar correction for a e are discussed in Refs. [11, 19] . 
µ (τ) at four-loop order as obtained in Ref. [11] and the comparison with Ref. [7] .
